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ABSTRACT :

In this paper it is shown that if the generalized sequence of Ishikawa iterates associated with

three mappings converges, its limit is the common fixed point of these mappings. This results extends and
generalizes the corresponding results of Ciric et al. [2], Naimpally and Singh [4] and Rhoades [6].
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I. INTRODUCTION

W. Takahashi [8] introduced a new concept of convexity
in metric spaces and generalized some important fixed point
theorems previously proved for Banach spaces and named
them convex metric spaces.

Definition 1. Let (X, d) be ametric space and | = [0,
1] the closed unit interval. A Takahashi convex structure
on X is a function W : X x X x | — X which has the
property that for every x, ye Xandt e |

dizW(x, y, 1)) <t d(z, x) + (1 -t)d(z, V)
for every ze X.

If (X, d) is equipped with a Takahashi convex
structure, then X is called a convex space. A Banach space,
or any convex subset of it is a convex metric space with W
Xy t)=tx+ (1 -t)x

Definition 2. Let X be a convex metric space. A
nonempty subset A of X is said to be convex if W(x, y, t) €
A whenever (x,y, t) € Ax Ax [0, 1].

The Ishikawa iterative scheme [3] which was first used
to establish the strong convergence for a
pseudocontractive selfmapping of a convex compact subset
of a Hilbert space was soon used to establish the strong
convergence of its iterates for some contractive type
mappings in Hilbert spaces and then in more general
normed linear spaces.

Ciric et al. [2] extended aresult of Naimpally and Singh
[4] involving Ishikawa interactive scheme to convex metric
spaces which goes like this :

Theorem 1. Let C be a nonempty closed convex subset
of a convex metric space X and let S T : X — X be self
mappings satisfying (A) for all x, y in C.

d(, Ty) < h[d(x, y) + d(x, Ty) + d(y, )] ...(A)

Suppose that {x} is Ishikawa type iterative scheme
associated with S and T, defined by

XOE C’ yn = W(S(n’ Xn’ ﬁn)! Xn+1 = W(TyW Xn: an)y n S0

where {a;} and {§,} satisfy 0 < ¢, B, <1 and {c,} is
bounded away from zero. If {x,} converges to some point
p € C, then p is the common fixed point of S and T.

Our purpose is to use generalized Ishikawa iterative
scheme (three-step iteration method) [9], which is more
general than Ishikawa iterations, to extend the above
mentioned result for three mappings.

Definition 2. For agiven x, € C c X and self mappings
S Tand U : X — X define sequence {x.} by

z,= WS, x,¢), n=0,¢c,€ [0 1]
Yo = W(Tz,x,b), n=0,Db, e [0, 1]
X1 = WUy, x,a), n=0,a,¢ [0, 1]
Thisis called generalized Ishikawa iterative scheme.
For ¢, = 0 the above iterative scheme reduces to ;
For agiven x, e C c X and self mappings T, U : X —
define sequence {x} by
Yy — W(Tx, X, b)), n=0,b,e [0]]
X1 = WUy, x,a), n=0,a € [0]]
which is Ishikawa iterative scheme.

Il. MAIN RESULT

Theorem 1. Let C be a non-empty closed convex
subsed of a convex metric space. Let S Tand U : X — X
be self mappings satisfying

d(Sx, Uy) < h; [d(x, 2) + d(z, S) + d(x, Uy)] ..(A)
and d(Uy, T2) < h, [d(y, X) + d(x, Uy) + d(y, T2)]  ..(A,)

foral x y,ze C,where0<h;, h,<landlet{x]} be
generalized Ishikawa iterative scheme associated with S
Tand U i.e

1z, =W, X, C),

2 y,=WTz, x,, b)), n=0, Db, e [0 1]

3 X1 =WUY, %, 8), n>0a,¢€[0 1]

and lim_,_a =0.If {x} converges to some point p
e C, then p is the common fixed point of S, T and U.

Proof. By the definition of convex metric space we
deduce that

n>0,c, e [0 1]
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d(x, y) < d[x, W(x, y, t) +d [W(X, Y, 1),y]
<td(x x) + (1 —=1) d(x y) + td(y, x) + (12— t)d(y, y)
=(1-9dxy) +td(x, y)
= d(x, y)
which implies that
dix, W(x, y, )] = (1 —t) d(x, y) ; dly, W(X, y, )] =t d(x, y)
From (3), we have
(% Xpea) = Al WIUY,, X, 8] = &, d(x,, Uy,).
Since x, — p, d(x,, X,,,) — 0. Moreover lim___a =0
following that
d(x,, Uy,) — 0 asn — o showing Uy, — p .21
From (2)
d(x, z,) = d[x, W(Sx,, X,, ¢)] = ¢, d(x, ) .22
d(z, Sx,) = d[W(SX,, X, C,), Sx] = (L —c,) d(x,, SX)
Using condition (A,), we get
d(Sx,, Uy,) <h, [d(x, z) +d(z, &) + d(x, Uy,)]
= h, [c, d((x,, SX) + (1-c)d(x,, Sx) +
d(x,, Uy,)]
= hy [d((x, S¢) [d(x,, Uyl
Since d(x,, Sx;,) < d((x,, Uy,) + d(S,, Uy,), we have
d(Sx,,, Uy,) < h, [d(x,, Uy,) + d(Sx,, Uy,) + d(x,, Uy,)]
= h,[2d (x,, Uy,) + d(Sx,, Uy,)]
Hence,

2n,
Ty A0 Uy

Taking the limit as n—e and using equation 2.1 we
get,

d(S,, Uy,) <

lim . d(S, Uy,) =0
Since Uy, — p, above equation implies that Sx, — p.
Also from 2.2
d(x,, z,) = c, d(x,, S,
Hence z,— p
From condition (A,), we have
d(S%, Up) < hy[d((z, z) + d(@, X)) + d(x, Up)]
Taking the limit as n — o we get
d(p,Up) < hy, d((Up)
which implies that d(p,Up) = 0, since h, < 1. Thus Up
=p
Similarly from (A,)
d(Sp.Uy,) < hy[d((p, X)) + d(z,, §) + d(p, Uy,)]
Taking the limit as n—e we obtain
d(Sp, p) < hyd((p, )
Thus Sp — p, since h; < 1.
Again from (2)

d(x,y,) = dix, W(Tz, x,, b))] = b d(x,, Tz) ..23
dy,, Tz) = dW(Tz,, x,, b)) Tz] = (1 — Db )d(x,, S,
From condition (A,)
d(Uy,, Tz)) < hy[d(x,, y,) + d(x,, Uy,) + d(y,, Tz)]

=h,[b, d((x, Tz,)) + (1-b)d(x, Tz,) + d(x,, Uy,)]
= hyld(x,, Tz) + d(x;,Uy,)]
< h,[d(x,, Uy) + d(Uy,,Tz) + d(x,, Uy,)]
since d(x.,, Tz,) < d(x,, Uy,) + d(Uy,, Tz)}
= h2[2d((xn! Uyn) + d(Uyn! TXn)]
Hence, d(Uy,, Tz) < % d((x,, Uy,)
Taking the limit as n—ee and using 2.1 we get,
lim ., dUy,Tz)=0
showing that Tz — p which aong with 2.3 show y,— p
From (A,)
d(Uy,Tp) < hy[d(x,, ¥, + d(x,, Uy,) + d(y,, Tp)]
d(p,Tp) < hy[d(p, p) + d(p, p) + d(p. TP)]
implying that
d(p, Tp) = 0, since h, < 1
Therefore Tp = p.
Hence S = Tp = Up = p. This completes the proof.
Corollary 1. Let X be a normed linear space and C
and C be a closed convex subset of X. Let S, T and U be
three mapings satisfying A, and A, and {x} be the
generalized sequence of Ishikawa iterative scheme
associated with S, T and U ; for x, € C.
z,= (1-c)x, +¢c, S, n=0¢,<[0]]
Y, = (L=Db)x,+bTz, n=0,b,[0]]
Xpep = (L—a)x, +aUy, n=0,a,[0]]
If lim _,_a =0and{x} convergesto p, then p is the
common fixed point of S, T and U.

Remark. For ¢, = 0, Ithe three step iterative scheme reduces
to Ishikawa iterative scheme, thus giving the corresponding
results of Ciric et al. [2], Naimpally and Singh [4] and
Rhoades [6].

REFERENCES

[1] Ciric, Lj. B., A generalization of Banach’s contraction
principle, Proc. Amer. Math Soc., 45: 267-273 (1974).

[2] Ciric, Lj.B., Ume J.S., and khan M.s., On the convergence
of the Ishikawa iterates to a common fixed point of two
mappings, Archivum Mathematicum (Brno), Tomus, 39:
123-127 (2003).

[3] Ishikawa, S., Fixed point by a new iteration method, Proc.
Amer. Math., 44: 147-150 (1974).

[4] Naimpally S. A., Singh K. L., Extensions of some fixed
point theorems of Rhoades, J. Math. Anal., 96: 437-4[46]
(1983).

[5] Rhoades, B. E., A comparison of various definition of
contractive mappings, Trans. Amer. Math. Soc., 226: 257-
290 (1977).

[6] Rhoades, B. E., Comments on two fixed point iteration
methods, J. Math. Anal. Appl., 56: 741-750 (1976).

[7] Rhoades, B. E., Comments on two fixed point iteration
methods, J. Math. Anal. Appl., 56: 741-750 (1976).

[8] Takahashi W., A convexity in metric spaces and non
expansive mapping, |, Kodai Math. Sem. Rep., 22: 142-
149 (1970).

[9] Xu B. and Noor M.A., Fixed-point iterations for
asymptotically nonexpansive mappings in Banach. J. Math.
Anal., 267: 444-453 (2002).



